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ABSTRACT 
For integral m >, 2, let x1,. , x, be any unit vectors in R,, the real Euclidean 
space of n dimensions. We obtain an upper bound for the quantity min+j / lxi - xjll 
which, though not as simple, is uniformly sharper than one recently obtained by 
the author. The result has application to the so-called maximum-dispersal problem, 
an open problem recently popularized by Klee. 
1. INTRODUCTION 
For integral m 2 2, put1 
Um) = max min llxi - xjll. 
%,,-%mER* i#j 
~~x;~/=l(l~(i~m) 
(1) 
We ask for the values of the d,(m), and for m unit vectors x1,. . . , x, E R, 
whose minimum inter-vector distance is the maximum value d,(m). 
The problem described above, originally proposed in 1930 in the 
setting n = 3, has been solved, essentially, by Rankin [2] in 1954 for the 
cases m < 2n. Moore [l] has recently obtained some simple upper bounds 
for the d,(m) in the remaining cases; in particular, it has been shown in 
[l] that for any n >, 2 and 
1 We use “ 1 \xI 1” to denote the usual Euclidean length of the vector x; the associated 
inner product of vectors x and y is denoted by “(xly).” 
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m>Vg if n is even 
’ VZ&(, - 1) if n is odd 
we have 
444 <2 
[ 
2vmn + 1)/q 
__ m J+/2) I 
l’(n-l) = M,(m) 
(2) 
(3) 
Our purpose here is to show that the bound M,(m) in (3) may, with some 
loss in computational simplicity, be replaced by a uniformly sharper 
upper bound for the d,(m). The new bound is, moreover, valid for all 
n 3 2 and m 3 2. 
Previous approaches to problems of this type have been hampered 
by the lack of simple formulas for the area of a spherical cap on the surface 
of the unit sphere S, of R, as a function of its angular diameter. We shall 
avoid this technical difficulty by developing a convenient procedure for 
computing the area of such caps recursively. 
2. RESULTS 
By a spherical cap on S, with center P and angular diameter 8, which 
we term a &cap, we mean the set of all points Q on the surface of S, for 
which the angle QOP is less than or equal to 012. We denote by mn(e) the 
area of a &cap on S,. 
MAIN THEOREM. For integral n and m 3 2, 
d,(m) < [2(I - cos [c0n-1(G<G)])]1’2 = N,(m). (4) 
REMARKS. It is in general necessary to resort to numerical methods 
to evaluate the inverse function w,-l( * ). A recursive formula for w,( - ), 
which the author has found useful for this purpose, is providedinTheorem2. 
The bound N,(m) in (4), though computationally less simple than 
M,(m), is uniformly sharper; that is N,(m) < M,(m) for all m and n for 
which M,(m) is defined. A comparison of N,(m) and M,(m) for the case 
n = 4 (which is typical) is shown in Fig. 1; the figure also shows the exact 
values of the &(m), so far as they are known. More complete tables of 
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values of N,(m) have been compiled by the author and are available to 
readers upon request. 
2.4- 
2.2- 
2.0- 
1.8- 
1.6- 
I .4- 
1.2- 
.: known values 
I , m 
4 8 12 16 20 
FIG. 1. Comparison of M,(m) and Nl(m). 
THEOREM 2. For any 0 < 8 < 27~ and n 3 4, 
The result (5), together with the well-known formulas 
+(e) = 2na [i - cos(e/2)], (6) 
provides a quick and easy means of numerical computation of any o,(O). 
The following table lists the formulas which result from (5) and (6) for 
small 72. 
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n I %(Q 
8 
2n[l - co@/2)] 
~15 - sin@)] 
&2*[I - c0qei2) - * sina(5/2) cos(e/2)] 
9[e/2 - sin(8/2) 00s(e/2) - 1 sin3(5/2) 00s(e/2)] 
3. PROOFS 
We work first on Theorem 2. We require the well-known (see [3, p. 1301) 
formulas for the volume V,(r) and surface area A,(r) of an n-sphere S,(r) 
of radius Y 
+/a 
V?@) = r((?z/2) + 1) m, 
r&a 
A,(r) = 2 m yn-1. 
Consider a e-cap on S,(l) = S,. For n > 2, the surface area formula of 
calculus gives 
812 e/2 
w,(e) 
1 n(n-1)/2 
= 5 - 
cos y d~,-l(siny) = 2 r((n _ 1),2) 5 sin”-2(y) @. (7) 
0 0 
Using the identity 
tl CL 
5 k-l sink(u) du = - k I sinkY2(zl) du - f sink-l(a) cos(a), 
0 0 
we may write (7) in the form 
0G) 2 7@1)/2 = r((n - 1)/2) [ 12-3 -- n-2 5 
sinnA(y) dy 
0 
- ---& sinn-3(8/2) cos(e/2) , 
I 
and now use of (7) once again gives the result (5). 
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The proof of the main theorem follows the pattern of that of (3) in [l]. 
For fixed m > 2, let e,,,(m) denote the 8 which satisfies 
Xn/2 
mu&(e) = A,(l) = 2 -. 
~(nl2) 
Thus, 
We see that m0,,(m)-caps have as much total area as the surface area A, 
of S,; hence any placement of m such eaps on S, must involve overlapping. 
Thus, if xl,. . ., x, are any unit vectors of R,, there is an index pair 
1 < i # i < m such that 
(AxA >, cos(kAm)). 
For this i and j, 
lIzi - ~~11 < [2(1 - c0s(emi,(m))]l'2 = N,(m) 
which completes the proof of (4). 
Finally, we show that N,(m) < M,(m) whenever m and n satisfy the 
conditions (2). 
It has been shown (see [l, Lemma 11) that, for 0 < 0 < x, 
o,(e) 2 40) = r(:Ty;,2, sir-in-l(f3/2). 
(The inequality persists, of course, even when 19 > n.) kotice that a,( * ) 
is monotone increasing on [0, n]. Hence, if 
0 = min a,(e) <a < max un(e) = 
+k-1~/2 
O<B<JI O<l9Qt w+ 1)/2) ’ 
(8) 
we have 
0 < con-l(a) < 63,-l(a) < 7c. 
The conditions (2) on m and n are enough to guarantee that (8) holds for 
the choice 
2 3.9’2 
a = m F(n/2) 
476 MICHAEL H. MOORE 
and so, under these conditions, 
O<wn-l(z&)<a,-l($&) 
= 2 sin-1 2y, r( (9% + 1)/Z) ~ 
.m O/2) I 
l’(n-l) ~ 76 
But now 
N,(m) = [Z(l - Cos[cOn-l(z&)])r 
< [2(1 - cos [am-l(i&)])]“’ 
= M,(m). 
The author wishes to express his thanks to Ky Fan for calling his attention 
to certain omissions. 
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